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ABSTRACT — Thestructue of low enepgy escapingrajectoriesin the Hill threebody
problemis investigatedisinga Poincaré mapthatrelatesthe crossingof a planecon-
taining Ly bad to the first periapsispassae. This setof periapsisis confinedin a
narrow region which determineghe conditionof escapgrom any planetarysatellite
In particular, the minimumenegy to escapes obtainedtogetherwith restrictionson
theinitial conditiong(inclination,argumenbf periapsisandlongitudeoftheascending
node).Thisleadsto a new optimaltransfercriterion for the classof directly escaping
trajectories. Savingson the order of 190m/sin the caseof Europaare obtainedwhen
compaed to a classictwo bodymodel. Theresultsare also extendedo the problem
of low enegy captue. Numericalapplicationsare givenfor the casesof Miranda,
Europa, Titan and Triton.

KEYW ORDS: Hill threebody problem,Poincaé map,escapeandcapture,optimal
transfers|ibration points.

INTRODUCTION

The presentstudy hasbeenmotivated by the EuropaOrbiter missionwherethe end of mission
disposalof the spacecrafts anissuefor planetarysecurityprotection,andescapdrom Europaat
theendof missionhasbeeninvestigatedisapossiblesolution. Thispaperis thereforocusednthe
caseof planetarysatelliteorbiters eventhoughtheresultsobtainedareof widerapplicatiorsincethe
Hill modelusedfor thisanalysisalsogivesa gooddescriptiornf thedynamicsof coorbitalsatellites
or, moregenerally of two closemassesn the gravitational attractionof a larger one([3]). In this
setting, the structureof escapingrajectorieshaving a Jacobienegy just abore the critical value
of thelibration points I.; and Ls is investigatedallowing us to drav somepracticalapplications
for the designof escapananeuers. Using the symmetrypropertiesof the Hill model,the results
obtainedarealsodirectly applicableto therelatedproblemof low enegy capturerajectorieswvhich
canmodelthe accretionpropertieof a planetin formation. We know from classicalkesultson the
circularrestrictedthreebody problem(CR3BP)thatescapés only possiblewhenthe zerovelocity
surfaceopensat L; or Lo, settingup aminimal valueof the Jacobintegral for escapeln this paper
trajectoriesare consideredo have escapedrom the primary underconsideratiorwhenthey cross



theopeningcloseto L, or L, with apositive outwardvelocity Theanalysigs thereforefocusedon
the dynamicscloseto the primary which justifiesthe useof the Hill threebody problem(H3BP)
asthe underlyingmodel. Moreover, the assumption®f this model are met for most planetary
satellitesof interestin the solarsystem which makesthis modelwell suitedfor the investigation
of practicalapplications(see[6]). A Poincaé mapis usedto relatethe crossingof the escaping
trajectorieghrougha planecontainingthelibration pointswith the previousperiapsigadiusvector
of thosetrajectories.This computationis madefor constantvaluesof the Jacobienegy, allowing
us to reducethe dimensionalityof the system. The resultingsetof periapsispointsthat leadto
escapds confinedto a narrav region, symmetricaboutthe equatorialplane,which canbe used
to determinegthe minimumenegy requiredto escapdrom the satellite. In particular the minimal
AV to escapdrom the surfaceof a few planetarysatellites(Europa,Titan, Mirandaand Triton)
is given. Constraintson the minimal enegy andthe initial conditionsrequiredfor escapingare
henceobtainedandanew optimalescaperiterioncanbededucedor therestrictedclassof directly
escapingdrajectoriesstartingin a low circularorbit andusinga singleimpulsve maneuer. Henon
shaved in [4] that quasi-circulamperiodicorbits exist in the planarH3BPR. Theseorbits have also
beenprovento bestable.For non-zeranclination,Scheerestal. shavedin [6] thatbelow acritical
inclination(~ 45°), low circularorbits arestableaboutmostplanetarysatellitesin the solarsytem.
Theseorbitshave periodicvariationsin eccentricitywhich canbeneglectedatfirst approximatiorin
thecaseof low altitudetrajectories Thereforeatlow altitudeswe canassumehataspacecrafis in
aKepleriancircularorbit andinvestigatehow muchAV is neededor this spacecrafto escapeln
this papey we prove thattheminimum AV to escapes obtainedor tangentiaburnsat a specified
pointin the orbit andthat this minimum decreaseas altitude increases.The optimality of these
transferss then proven for the classof directly escapingrajectoriesusingone or two impulsive
maneuers. Givenaninitial altitude,the optimalJacobiconstanandthe minimum AV requiredto
reachescapeareobtainedrom a graph.Thetime of themaneuer is determinedy a conditionon
thelongitudeof theascendingnodeandtheargumentof periapsiof thetransfertrajectory(takenat
periapsis).Restrictionson theinclinationfor thesetransferdo be possiblealsoexist, astheinitial
orbit mustbe nearequatorial. Fuel savings on the orderof 190 m/sin the caseof Europacanbe
obtainedascomparedo a two bodyKeplerianmodel. A simplescalingof theseresultsallows us
to mapour analysisto ary planetarysatellite(assuminghe Hill model). Numericalapplications
aregivenfor the casesf Miranda, Europa,Titan and Triton, which cover the threetypical cases
emeging from theanalysis.

HILL THREE BODY DYNAMICS

The circularrestrictedthreebody problem(CR3BP)describeghe dynamicsof a massles®bject
attractedoy two pointmassesevolving aroundeachotherin a circularorbit. This modelhasfound
mary applicationsin both astronomyand astrodynamicsindeed,it is the simplestmodel of the
main perturbationof an objectin interplanetaryspace(e.g. comet, Jupitey Sunsytem)or even
for Earthorbitersfor high enoughaltitude (see[5], p55). In particular this modelgivesa good
descriptionof the dynamicsarounda planetarysatellite. However, in this casewhenthe dynamics
is considerectloseto the smallerprimary the Hill threebody modelviewed asa limiting caseof
the CR3BPalsogivesa gooddescriptionof thedynamicsandconsistf a simplersetof equations
(without ary free parameters)The Hill modelhas,however, a muchwider generalitysinceit also
coversthedynamicsof two smallmassedn acircularorbit aboutalargerone.In particular the Hill
modelgivesa gooddescriptionof the dynamicsof coorbitalsatellitesandcanbe usedto describe
thedynamicsn planetaryringsor theaccretionpropertieof planetsan formation(seg[3]).



Equations of motion

The Hill modelcanbe obtainedfrom the CR3BPby takingthe centerof the coordinatesystemto
be at the centerof the smallerprimary andletting the massratio of the primariesgo to zerowhile
scalingthe coordinateso remainfinite (seg[1] for example).Theresultingequation®f motioncan
bewrittenas:

F-2N§ = —Lai3n% (1)
T

j+eN: = —fy )
T
. I

zZ = —r—sz—NQ,z 3)

whereN is theangularvelocity of the motion of the primariesaroundeachother i is the gravita-
tional parameteof theattractingbodyof interestandr = /z2 + y2 + 22 (seeFigurel). Notethat
for N = 0, the previousequationseduceto the classicatwo bodyproblem.
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Figure 1: Geometry of the Hill problemin the caseof Europa

We immediatelyseethatthe solutionsz = + (3%)1/3, y=1z=12 =15 = %= 0 areparticular
solutionsof theseequations.They correspondo the analogof the LagrangiarpointsL; and Ly in
the CR3BR but arenow symmetricaboutthe origin (L is the pointwith negative abscissand L,

is the onewith positive abscissa seeFigure?2).

Zero velocity surfacesand escape

Similarto the CR3BR the Hill modelhasa nontrivial integral of motion,the Jacobiconstant/.

1
J = - g — =N?(3z% — 2%) 4)

1
2 2

wherev = /22 + 92 + 22 is the speedof the particle. This constanthasdeepconsequence®r
the dynamicsof themotion. In particular the physicalconditionv > 0 in (4) imposesarestriction
on the allowable position spacefor the motion at ary givenvalueof J. Settingv = 0, (4) gives
the implicit definition of a surface uponwhich the velocity is zero, thus delimiting the physical
boundaryof allowablemotion(seeFigure2).
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Figure 2: Zero velocity surfacesin the caseof Europa (planar case)

In our caseit also gives a minimum thresholdthat must be reachedfor escapeo occur More
precisely escapdecomesgpossiblefor J > Ji, , where

1 2/3
T, = —5 OuN) (5)
This correspondso thecritical valueof J for which the zerovelocity surfacesopenat L; and Ls.
Escapingrajectoriesarethosethatcrosseitherplanez = 1z, , in the outward direction. We will
analysesomecharacteristicef thesetrajectoriesvith a Jacobiconstanjustabore the critical value
of Jr, ,, correspondingo thelowestenegy escapingrajectoriepossible.

Symmetriesand extensionto the capture problem

As alimiting caseof the CR3BRthe Hill modeltakesadwantageof the“almostsymmetries’present
in the CR3BPandturnstheminto exact mathematicasymmetries.In particular the equilibrium
pointsL; and Ly becomesymmetricaboutthe origin.

More preciselyif (z,y, z, £, 7y, 2,t) denotesa solutionof the equationf motion, thenthetrajec-
toriesobtainedoy applyingthefollowing transformationsirealsovalid solutions:

(mayazafijayaéat) L} (—x,y,z,ﬁc, _ya _2.", _t) (6)
(x,y,z,a'c,y,z',t) i} (w,—y,z, _]'77:‘)7 _2."’ _t) (7)
(mayazajayaéat) i—) (33,?/, _zai‘aya_z-’t) (8)

The compositionof thesethree symmetriesyield other symmetriesnotably the compositionof
(1),(2)and(1),(2),(3)yield:

(:E,y,z,m',g,z?,t) l} (—m,—y,z, _xa_yazat) (9)
(x,y,z,j:,g),z',t) i} (_‘T,_ya —Z, _'7"'7 _y'a _é,t) (10)

Thislastsymmetryis apuresymmetryaboutthe origin whichresultsin thesymmetryof L, andLs.
Also from S5 we seethatif X = (z,v, 2, &, 7, 2,t) is anescapindrajectoryaboutLs, then S5 (X)
is anescapingdrajectoryaboutZ; . In otherwords,if P(X) is apropertyof an L,-escapingrajec-
tory, thenS5(P(X)) will bethe correspondingropertyof the L,-escapingrajectory Therefore,
we have a 1-1 correspondanckeetweenl; and L, andwe canrestrictthe analysisto Lo-escaping
trajectories.



From S5, we seethatthe sameis true for reflectionsaboutthe (z, y)-plane,allowing usto restrict
theanalysigo escapingrajectorieshaving a positive z-coordinate Thisresultwill be usedto sim-
plify the computatiorof the Poincaé map.

ThesymmetriesS; andSs involve areflectionin time, indicatingthatif X is anescapingdrajectory
thenS; »(X) will bea capturetrajectory By this, we meantrajectoriescomingfrom the exterior
region andcrossingthe planesr = 1, , with aninwardvelocity Thesetrajectorieshave at least
oneof their periapsisn theHill region, but arenotnecessarilgapturedor long periodsof time. As
someexampleswill shav, thesetrajectorieamay directly impactthe planetarysatelliteundercon-
sideration.Thus,applyingS; or Ss to escapindrajectoriesye immediatelyobtainacorresponding
characterisatiofor capturerajectories.

Normalisation and scalingto any planetary satellite

Besideghesesymmetrypropertiesthe form of the Hill equationof motionallows for the nondi-
mensionalizatiorof the modeland elimination of all free parameters.More precisely by taking
I = (N“g)l/3 astheunitlengthandr = % astheunittime, the equation®f motiontransforminto
thefollowing parameterlessquations:

F-2% = —— +30 (11)
T

2 = —o (12)
T
. 4

Notethatfrom aformal point of view, all dimensionabuantitiesarenondimensionalizety taking
N =1 andy = 1. Forexample,in thenondimensionasetting,we have:

1

T, = —5(9)2/3:—2.163... (14)
1\ 1/3

To, +(3)  ==069.. (15)

All computationgperformedon Equationg11),(12)and(13) canbedirectly scalecto ary physical
systemmodeledby the Hill equationsy simply scalingof theresults.In particular all theanalysis
which follows appliesto mostplanetarysatelliteof interestin the solarsystemaswas previously
indicatedin [6]. Tablel givesthelengthandtime scalefor Miranda,Europa,TitanandTriton.

Table 1: Physical parametersfor Miranda, Europa, Titan and Triton (computedfrom [2])

Satellite I Orbital period | Lengthscale| Timescale Radius Normalized
(planet) (km?/s?) (days) (km) (hr) (km) radius
Europa | 3202.8+13.3 3.551 19692 13.56 1569+ 10 0.079
(Jupiter)
Titan 8979.3+ 2.0 15.945 75576 60.90 2575+ 2 0.034
(Saturn)
Miranda 4.73 1.413 1214 5.39 2424+ 5 0.199
(Uranus)
Triton 8674.3+1668 5.877 38406 22.44 17504 250 0.045
(Neptune) (Retrograde)

In the remainderof this papercomputationsill be performedin the nondimensionasetting,and
someapplicationswill begivenfor thefour casesndicatedabore.

5



Notethatthescalingdepend$®othonthephysicalparametersf the primariesaswell astheirorbital
characteristicémeanmotion N). Therefore planetarysatellitesof differentmassandradiusmay
have the sameradiusin nondimensionalizedoordinates Figure3 shavs the differentnormalized
radii for thefour satellitesconsidered.
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Figure 3: Surfacesof Europa, Titan, Miranda and Triton in nondimensionalscale

POINCARE MAP

A Poincaé mapgenerallyrefersto the associatiorof a discretetime systemgivenaninitial, more
complicated continuougime dynamicalsystem. It allows usto reducethe dimensionalityof the
systemby at leastone,andtwo if thereexistsafirst integral, asis the casein the Hill model. Our
useof aPoincaé mapwill bemostlynumericalgiving usa cornvenientway to represensomeprop-
ertiesof theflow andallowing usto numericallyextractsomeconstrainton initial conditions.

While generallyappliedto periodicorbitsor to studythestructureof flows nearhomoclinic/heterodtiic
trajectorieq(see[7] for example),the definition of a Poincaé mapreally requiresonly the choice
of two surfacesof sectiondransersalto theflow in phasespaceandcanbe usedin moregeneral
ways. This studyof the Poincaé mapis the studyof a discretemapfrom onesurfaceof sectionto
thenext one(seeFigure4).

Flow in phase space

P

22

(Transversal to the flow)

Poincaré ma

(Transversal to the flow)

Figure 4: Conceptof a Poincaré map



Computation of the map

For our purposewe usea maprelatingescapingrajectoriesi.e., having ¢ > 0 atz = zr, near
theequilibrium Ls) backto theirfirst periapsis Theinitial surfaceof section}’; is hencethecross-
sectionof theplanez = z, with theHill regionandtheimagesuriaceX, beingthesetdefinedby
the periapsiscondition7 = 0 and# > 0 prior to 3;. Thetranswersalityof thesesuriacesof section
with the flow generatedy the equationsof motionis provenin [8]. As mentionedearlier there
exists anintegral of motionin the modelwhich allows usto reducethe dimensionalityof the map
by anadditionaldimension.The Poincaé mapis computedat a given valueof the Jacobiintegral
J, which makesthis mapafunctionof J.

In the 3 dimensionaktase theresultingPoincaé mapis 4 dimensionalwhich meanghatwe need
four parameterso parametrizéZ; andX,. On %; we considerthe (y, z) coordinatesn the plane
x = x1,, plustwo anglesor thedirectionof thevelocity vector whosemagnitudeds determinedy
the JacobiconstantWith this parameterizatiortheinital conditionson ¥, canbewrittenas:

To=2Tr, ; TLo=vCOSPCoss (16)
Yo=Y ; %Yo=vcos¢psind (17)
Zo=12z ; Zgp=wvsing (18)

wherev = /2(J + 1/r) + (322 — 22) (nondimensionalizedase) /2 < § < /2 and—7/2 <
¢ < /2

On X, we usethreespatialcoordinategeither(z, y, z) or (r,, w, 2), the periapsigadius,agument
of periapsisandlongitudeof the ascendinghode)plustheinclination. This is merelya convenient
way to obtainpracticalnumericalconditionson escape From a graphicalpoint of view, Figure8

give the projectionof theimageof the Poincaé mapontopositionspace.

Notethatin the planarcasethe Poincaé maprequiresonly 2 parametersn ¥; andX,. We choose
y andé onX; and(z,y) (or equivalently(r,, &), periapsisadiusandlongitudeof periapsispn X.
Figure5 shavs the geometryof the Poincaé mapsconsideredn theplanarcase.
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Figure 5: Computation of the Poincaré mapsin the planar case

Giventheinitial conditions(16), (17) and(18),a7 — 8 orderRunge-Kitta-Fehlbeg integration
routineis usedto integratethetrajectoriebackwardto ¥,. Theinitial pointsarechoserrandomly
on ;. SymmetrySs is usedto restrictthe computatiorto the pointsz > 0, the symmetricpoints
being obtainedby directly applying the symmetryat periapsis. Examplesof Poincaé mapsat
sev/eralJacobiconstanwaluearegivenin Figure10.



Results

The Poincaé mapshave beencomputedwith 100 x 100 pointsin the planarcaseand300 x 300
pointsin the 3 dimensionatase . Thevaluesof J vary from Jr, + 10~° to J, + 0.11.

Figure6 givesanexampleof a Poincaé mapfor J = —2.16 in the planarcase togethemwith two
close-upsAs appearsmmediatelyon thesefigures,theimageof the Poincaé mapis divided into
two (numerically)disjointsetsof pointsdenoted:% andX%. Thefirstone, x4, oval shapedis close
to theprimaryandconfinedto asmallregion of altitudeandlongitudeof periapsisandcorresponds
to trajectoriesthat comefrom the neighborhoodf the primary The secondsetof points, 3}, is
confinedcloseto Ly andcorresponds$o trajectoriescomingfrom the exterior region beforeexiting
again(seeHénonandPetit[3]).

Pl anar Poincare map for J=-2.16
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Figure 6: Example of a planar Poincaré map for J = —2.16

Figure 7 illustratesthe differenttypesof trajectoriesencounteredn the caseof Europa. From a

practicalpoint of view, we will considemnly thefirst region, 24, in theremaindeof ourinvestiga-
tion, sinceit is the mostimportantfor the praticalapplicationof escapeconditionsfor a planetary
satelliteorbiter
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Figure 7: Typesof trajectories encounteed

Figures8 and9 give a representationf the Poincaé map obtainedwith the samevalue of J but
now in 3 dimensionakpace.Notably the (z, z) projectionclearly shavs the symmetryaboutthe
equatorialplane(asexpectedfrom Ss) andthe (r,7) projectionindicatesthe rangeof inclinations
covered by the velocity vectors. We can seefrom theseresultsthat the extremaof radiusand
longitudeof the ascendingnodein X4 arereachedn the equatorialplaneand the maximumof
inclinationis reachedor r < ry,,, the periapsif the stablemanifoldassociateavith Lo.
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Figure 8: Example of a Poincaré map in 3 dimensionswith Titan (J=-2.16)



Projection of the Poincare map onto the (x,z) space with Titan (J=-2.18)
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Figure 9: Projection fo a Poincaré map onthe (z, z) and (r, i) spacesase

Figure 10 shavs a seriesof Poincaé mapsat differentvaluesof Jacobiconstant.It immediately
appear®n thesefiguresthatthe setof pointsdefiningthe Poincaé mapenlagesasthe Jacobicon-
stantincreasesrom Ji,,. At thelimit, whenJ ~ J;,,, the Poincaé mapreducedo a point which
correspondso the periapsisof the stablemanifold associatedvith Lo. Formally, this allows usto
classifyall the planetarysatellitesaccordingo whetheror notthis periapsigs abore or below their
physicalsurface. Mirandais of type 1 (periapsishelow the surface), Titan andTriton areof type 2
(periapsisabove the surface)andEuropais the exceptionalcase the periapsisof the unstableman-
ifold lies atthe surfaceof Europa.We seethatfor type 1 satellites;t is possibleto directly escape
the surfaceof the body at the minimal enegy necessaryo escape,/r,, by performinganimpul-
sive thrustat the surface,while for type 2 satellites,oneneedto go to higherenegiesto directly
escapdseealsosection“Optimal Transfers”). This classificatiorhasalsosomeconsequence®r
thecaptureproblem,asis discussedater
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Figure 10: Seriesof Poincaré maps(X4) at several valuesof the Jacobi constant
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As notedabove, asJ variesthe characteristicef the Poincaé mapsvary. Someof thesevariations
are capturedin Figures1l and 12 which shav the extremaof the radius, longitudeof periapsis
(long. of theascendingiodein 3D), eccentricityandinclinationasa functionof .J. Note thatall
theseextremaarereachedn the equatorialplane. In particular this correspondso the condition
w = 0° in the3 dimensionatase.

Thesegraphsshav thatthe setof first periapsisheforeescapey.§, is confinedin a rathernarrav
region evenfor large valuesof J. At J = —2.05, the openingat L, is 4 to 5 timesthe radiusof
Europawhile 3¢ extendsover lessthan3 radius.
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Figure 12: Extremaof eccentricity and inclination on X4 asa function of .J

As noticedearlier by applyingthe symmetriesS, and Ss, the previous resultsapply for escape
throughL,. Thatis, by takingthe symmetrywith respecto theorigin (in phasespace)f the setof
pointsdefiningthe Poincaé mapsfor L, we obtainthe Poincaé mapsrelatve to L. As concerns
thecharacteristipropertiesof thesemaps,only the conditionon 2 andaw arechangedy a shift of
.

Similarly, applyingS; andS;, we obtainthe Poincaé mapsrelative to the captureproblem.Again,
nothingchangesn the curvesgivenin the Figuresll and12, exceptthat) tranfromsto —Q2 and
@ transformsto 7 — @. Herethetype of the satellitedetermineghe propertiesof captureof low
enegy particles. Type 1 satelliteshave a large setof trajectoriescomingfrom the exterior region
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thatdirectly impactthe suriaceof the satellitefor valuesof J closeto the critical value Jz,. On
thecontrary type 2 satellitescapturdow enegy particlesfor atleastoneperiapsiswithoutimpact.
Furtherbackwardintegrationindicateghatthereis noimpactfor atleastthefirst threeperiapsisf J

is closeenoughto Jz,, . In thecaseof Europaalow enegy particlemayor maynotdirectlyimpact
thesurface.

Figure13 givesarepresentatioof the differentPoincaé mapsat.J = —0.35km? /s? in the planar
casefor Europa.
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Figure 13: Poincaré mapsfor escapeand capture (caseof EuropaJ = —0.35km?/s?)

OPTIMAL TRANSFERS

As mentionedn the introduction,for low altitudesandinclinations,nearlycircular orbits present
a small periodicvariationin eccentricity(see[6]). Therefore,undertheseconditionswe canap-
proximatethe motion of a spacecrafby a uniform circular motion and considerwhat minimum
AV is neededo escapeucha planetarysatellitestartingin alow circularorbit (or equvalently be
capturednto alow circularorbit).

This questioncanbe viewed from two differentpointsof view. Thefirst oneasksif thereis a par
ticular altitudefor which the AV to escapés minimal amongall directescapananeuersstarting
in low altitudecircularorbits. The secondassumeshe spacecrafts in a low altitudecircularorbit
andwonderswhatthe minimal AV to escapdrom this given orbit is. With this lastproblem,one
mustinvestigateall the possibletechniquego escapestartingin a low circular orbit to obtainan

optimalescaperiterion. Thefirst problemis thenansweredisa consequencef this criterionand
themethodusedto deriveit.

Planar case

Tangential burns are optimal

Whenin acircularorbit, the AV neededo placea spacecrafinto anarbitrarytrajectorycrossing
thecircularorbit canbe expressedas:

AV =7 -, |= \/fu2 + v, — 2vvy, cosy (29)
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wherev,, = % is the local circular velocity at a givenradiusr, v = /2(J + 1/r) + 322 is the
speedbf thearbitrarytrajectoryandy is theflight pathangle.

Fromtheseexpressionsit is clearthatv andAV (parametrizedby the Jacobiconstant/) increase
with J, sothatwe first look at the minimumvalueof AV for J = J,. This meanghatat each
point of the stablemanifold associateavith L,, we mustcomparey to the local circular velocity
andlook for theminimumof AV'.

Figure 14 givesthe resultsof this computationas a function of the radiusr. It clearly shavs a

minimum at periapsisanda ratherstrongincreasearoundperiapsis. This fact canbe analytically

justifies(see[8]), morewer theresultholdsfor ary valuesof J < 0 (undersomeweakrestrictions
onradiusandeccentricityat periapsis).This shavs thattheminimum AV is obtainedor tangential
burns(i.e. atperiapsispndthesemaneuersarehencemoreoptimalthananarbitraynon-tangential
maneuer. This factjustifiesa posteriorithe useof the Poincaé mapsconsideredn the previous

sectionto obtainpracticaloptimalcriterionfor escape.

flight path angle (deg)

Figure 14: AV ascomputedalongthe stablemanifold associatedwvith L,

It seemsatthis point, thatthe optimalvalueof  thatminimizesAV would be the periapsif the
stablemanifoldassociateavith Lo, but the following sectionsshav how to choosebettervalues.

Strategies to escape

In the previous sectionwe shavedthatalonganescapingrajectorythe minimum AV to escapés
reachedt periapsiswith a tangentiaburn. Since"’g—JV = % > 0 it alsoshavs thatthis AV is the
trueoptimalvalueif thealtitudeof theinital circularorbitis exactly equalto theperiapsisadiusry,

of thestablemanifoldof L,. However, for arbitraryr this casels notmetin general. Two stratejies
for escapeaarethenpossible. The first one consistsof consideringa larger value of J sothatthe
Poincaé mapreacheshegivenradius(i.e.,r € 3§(J > Jr,)). Then,atangentiaburnis applied
at the periapsisof an escapingrajectory We indeedsaw in the “Results” sectionthat the range
of altitudesreachedy the Poincaé mapincreasess.J increasesThe secondstratgy consistof
performinga non-tangentiaburn to placethe spacecrafin the stablemanifold of L,. This method
is only possiblefor » > rp,,. Thefigurebelaw illustratesthe geometryof thetwo stratgjies(Figure

15).
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Figure 15: Strategiesto escape

Notethatin thecaser < rr,, only thefirst stratgy is applicablgin thecaseof single,directescape
transfers).

Let’s for nonv assume- > r, andcomparethesestratgies. To do so, we computethe minimum
AV possibleusingthe first stratgy, the AV correspondingo the secondapproacheinggivenin
Figurel4.

Minimum AV as afunction of J

For J > Jr, the Poincaé mapis notreducedo a singlepoint andon this setof periapsisAV is
a function of radiusr andlongitudeof periapsiso. We shaw in [8] thatfor » < 0.35, aaATV <0
andthatthe minimum AV is reachedn the boundaryof the Poincaé mapat a point closeto the
maximalradiuspointin the Poincaé map. DenotingAV,,,;»(J) this minimal valueat a given J,
we cannumericallycomputethis value at several valuesof the Jacobiconstant.The altituder at
which AV,,,;,, is reachedncreasewith J sothatwe canalsocomputeAV;,;,(r) which is more

convenientfor comparingwith Figure14. Figurel6givestheresultsof suchcomputations.
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Figure 16: Minimum AV for escapeasa function of J and r

We clearly seethat AV,,,;,, decreaseasa function of . This resultallows usto choosethe first
stratgy asbeingoptimal. Indeed for Jy > Ji,, AV, < AV (r,@, Jy) where(r,o) € 25(Jo).
Now AV (r,@,Jo) < AVipe;(r,o,Jo) Where AV,,q; correspondgo the AV calculatedat ary
point of an escaperajectoryhaving (r, @, Jy) asperiapsigby the optimality of tangentialburns).
Therefore,AViin(Jo) < AVipgj(r, @, Jy) for ary r, @ in the Poincaé map at a given Jacobi
constant/. By thefactthatAV,,;, decreaseasJ increaseswe seethatthis inequalityis, in fact,
satisfiedfor ary (r,o) € £(J < Jp).

For J > Jy, we canstill shov that AV, < AVy,;(7, @, J) forary 7 < r andary @ (see[8]).
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This provesthe global optimality of AV,,,;, amongall one-impulsemaneuers. We canmorewer
prove thatAV,,;, is, in fact,optimalamonga larger classof two impulsesmaneuers(see[8]).

Optimal criterion

Gatheringall theresultsprovenin the previous sectionswe obtainthefollowing escaperiterion:

Startingin a low circular orbit, at a givenradiusr > rr,, the mininumAV neededo directly
escapeés givenAV,,;, (r) (seeFigure 17). Theimpulsivethrustmustbetangential to the pathand
the placemenbf themaneuveis determinedy &(r), givenin Figure 17.
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Figure 17: Optimal AV and longitude of periapsisfor escapeor r > rp,

Applying atangentiaburn ata given point fixesthe elementof thetransfertrajectoryat periapsis.
Therefore atthetime of themaneuer, @ is equalto the polarangle(whichis approximatedy Nt
in acircularorbit).

For r < rr,, theminimumAYV to escapds readednearthe pointr,,;, (see[8]). Thevaluesof
AV and® asafunctionof r are givenin Figure 18.
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Figure 18: Optimal AV and longitude of periapsisfor escapeor r < rr,
Note that this optimal escapecriterionis suficient andnecessaryln particulay escapés always
achizedfor atangentialAV > AV,,. This conditionindeedimpliesthatJ > J,,; and3$(J) D
¥4(Jopt). TheoptimalpointatJacobiconstant/,,; hencdiesinsidex§(J), andis still theperiapsis
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of anescapdrajectory

Thislastresultmayprove usefulfor applicationssinceit is theexpressiorof astability of theescape
relative to errorsin theinitial thrust. In fact, sincethe optimal pointis notisolated,smallerrorsin
thrustdirectionscorrespondo placingthe spacecrafon an escapingrajectorywith periapsisnear
theoptimalvalue. Thatis, escapananeuersarealsorobustto smallerrorsin thrustdirections.

Figure 17 shavs, morewer, that the answerto the first initial questionis negative: thereis no
optimalvalueof r suchthat AV is minimal amongall directly escapingransfergfor low circular
orbits. In fact,onecanshav thatthereis a minimumfor r > 0.44 (correspondingo ag_rv = 0),
but the assumptiorfor a spacecrafto bein a circular orbit is not valid anymoreandthe definition
of AV is lessmeaningful.

Applying the previous resultsto Miranda, Europa,Titan and Triton, we cancomputethe minimal
AV to escapdrom theseplanetarysatellitesstartingin a circular orbit at a low altitude (h ~ 0).

Thesavingscomparedo aKeplerianescapenaneuer (parabolicdtrajectory)arealsocomputedand
summarizedn Table2:

Table2: Minimum AV to escapehe surfaceof Miranda, Europa, Titan and Triton

Satellite | AV scalefactor | Nondimensional AV to escapg Savingswhencomp.
(m/s) AV (m/s) to Kepler (m/s)
Europa 403.4 1.03 415.5 176.3
Titan 344.7 1.96 675.6 97.9
Miranda 62.5 0.2 125 45.4
Triton 475.4 1.63 774.9 147.3

Non-planar case

As noticedin section‘Results”,the extremaof r, 2 and: over £§ arereachecat somepointin the
equatorialplane(z = 0) (seeFigure 19). This s still truefor AV, for which the minimal value
is reachedat r ~ r,,.;. The previous optimal criterionis thereforestill valid in 3 dimensional
spaceHoweverin this case pnecanaskwhatis theminimum AV to escapestartingin anon-zero
inclinationinitial orbit.

Projection of a Poincar’e map onto (z,i) space (J=-2.16) Projection of a Poincar'e map onto (z,DV) space (J=-2.16)

inclinatiion (deg)
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z z

Figure 19: Extremaof inclination and AV arereachedin the equatorial plane

'Savingsof 190m/ s areobtainedwvhenstartingin a200km altitudecircularorbit
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Variationsin inclination

As J varies,therangesof inclinationreachedy the Poincaé mapsincreasereachingratherlarge
valuesfor large valuesof J (seeFigurel2).

Theradiuswherethe maximalinclinationis reachedlecreasewith J. However, it is still truethat
atary fixedr, the maximumin inclinationincreasesvith J. Figure 20 givesa seriesof Poincaé
mapsat severalvaluesof Jacobiconstantprojectedontothe(r, i) space.
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Figure 20: Projection of a few Poincaré maps (%) onto the (r, %) space

Strategy to escape starting in a non-zero inclined orbit

We have seenin the planarcasethat tangentialmaneuers are more optimal than non-tangential
ones. This resultsstill holdsin the 3 dimensionalcase(see[§), leadingus to choosethe same
approacthio the problemasin the planarcase(seesection‘Planarcase. Stratgiesto escape”).

Startingfrom anon-zerainclination,low altitude,circularorbit (determinedy theradiusr andthe
inclinations), the strat@y to escapeonsistf increasing/ soasthe maximalinclinationreached
by thePoincaé mapatthegivenradiusr equalgheinitial inclinationi. Then,atangentiamaneuer
is appliedatthis pointof maximalinclination (atfixedradiusr). Sincewe know thatthis maximum
isreachedn theequatoriaplane(z = 0), we havetheconditionw = 0° atthetime of themaneuer.
Presentlyno conditionhasbeenobtainedor 2. Thiswill becorrectedn thenearfuture.

Next arisesthe questionof the optimality of suchanapproachfor which no definiteresultis given
in this paper However, Figure21 presentshe projectionof afew Poincaé mapsontothe (r, AV)
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spaceandwe canseethatatary fixedradiusr andJacobiconstant/, thevariationsof AV overthe
cross-sectionf the correspondindg?oincaé maparevery small (lessthan0.05in theworstcaseat
J = —2.05). As J increasesAV increasest ary fixed point. Theseresultsallow usto conclude
that,in the caseof non-optimalityof the previous approachthe valueobtaineds very closeto the
true optimum.
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Figure 21: Projection of a few Poincaré mapsonto the (r, AV') space

Operation of the maneuver

The previousdiscussiorproved the existenceof anoptimal AV to escapestartingat aninclination
i. This AV is well approximatedy thevaluesgivenin Figure21 andthis maybe sufiicientfrom a
praticalpointof view (lessthan20m/s errorin the caseof Europaif theapproactdescribedibove
is notoptimal). We alsosaw thatthis optimumis reachedor w = 0°. No conditionhasbeengiven
for Q exceptfor theboundsgivenin Figurell.

Fromatheoreticapoint of view we know, howvever, thatwhatever the optimalvaluefor 2 is, it can
betargettedwith anarbitraryprecisionby correctlychoosinghetime of themaneuer. Indeedthe
positionof the spacecraftt the time of the maneuer fixesw and{? at the periapsisof the escape
trajectory Therefore asary giventime, we canassociatéhe positionof the spacecrafin its inital
orbit with somevaluesof w and2 thatwould correspondo the valuestakenif the maneuer was
actuallyperformedat thattime. We henceobtaintwo functionsof time w(t) and2(¢). Sincethe
initial orbit is assumedircularandthe frameis rotating,the point (w(t), €2(t)) dravs aline onthe
torusspacd0, 2|2, whichindicateghatary valueof w and(2 canbereachedo arbitraryprecision
by waiting for a sufiiciently longtime (assuminghattheslopeof theline (w(t), 2(¢)) isirrational).
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CONCLUSION

The structureof escapingand capturetrajectoriesin the Hill threebody problemhasbeeninvesti-
gatedusinga Poincaé map. The extremacharacterizinghe setof periapsisobtained(r, 2 andz)
hasbeenshavn to bereachedn the equatoriaplaneandtheir variationasa function of the Jacobi
constanhasbeengiven. Theseresultshave beenappliedto the problemof determiningthe mini-
mum AV neededo escapdrom a planetarysatellite,startingin alow altitudecircular orbit. An
optimal criterionhassbeengivenin the planarcaseanda practicalapproacthasbeengivenin the
threedimensionatase It is shavn thattheresultingcostfor escapalecreaseastheinitial altitude
increasesThe costto escapen thevicinity of a planetarysatelliteis onthe orderof the AV scale
factor (uN)/3, (which equalsthe costto escapet the periapsisof the stablemanifold associated
with L; or Ly). Futurework will try to characterizenorefully the optimality in the threedimen-
sionalcase A betterinderstandingf the apparenseparatiorof the Poincaé mapinto two disjoint
setsandthe studyof Poincaé mapsbetweerprevious periapsipassagearealsofurthertopicsto
be explored.
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